ABSTRACT The frequency response characteristics of the hydraulic shaking table show the same as that of a two degree of freedom (DOF) resonance system due to the structural flexibility of the hydraulic shaking table. The hydraulic shaking system induces an anti-resonant peak during the working frequency band, which substantially reduces band width of the shaking table. The frequency response influence factor like mass, stiffness, and damping of the reaction wall are studied in this paper. The feed-forward control strategy is proposed in shaking system, which eliminates the effect of zero points at the anti-resonant peak and poles nearly the imaginary axis, broadens the bandwidth, and improves the control precision of the system. The notch filter is used to reduce the magnitude of resonant peak at the nature frequency of servo valve. The experimental results show that the proposed algorithm properly compensates the effect of structural flexibility and improves the bandwidth of the shaking system. INDEX TERMS Hydraulic shaking table, structural flexibility, resonance system, feed-forward control, notch filter.
I. INTRODUCTION
The hydraulic shaking table is a key which is used as laboratory equipment for the simulation in vibration of large-scale heavy instruments (Guan et Pu et al. 2012 ). A typical 6-DOF hydraulic shaking table can precisely simulate the 6-DOF vibrating systems. It is widely used in structural vibration and seismic simulation due to the uniform output of redundant shaking table and the high acceleration uniformity. The control algorithm of redundant electro-hydraulic shaking table is mainly divided into two parts such as servo control and vibration control (Shen et al. 2016 ). The hydraulic shaking table can conceive 6-DOF movement with the performance of servo control. In the beginning the DOF signals are decomposed to the corresponding servo valve in each exciter to transform the motion of each exciter into DOF signal as the feedback signal (Marcos and Tony. 2006). The servo control mainly relies on the zero linearization of the parallel mechanism Jacobian matrix, because the displacement of the table is relatively small when the vibrating table operates at high frequencies. Meanwhile, the servo control loop also contains the internal force equalization and three variable feedback controls (He et al. 2011 ). Vibration control is the outer loop of shaking table which is adopted to expand the shaking system bandwidth, improve the control accuracy and overcome a large number of nonlinear elements of the electro-hydraulic shaking table ). The reference signal of shaking table flows into servo loop of shaking table by predesigned filters. The vibration table control studied recommends the wide and effective utilization of the TVC (three variable control) (Kakegawa et al. 2003; Plummer. 2016) . The damping ratio of the shaking system increases by acceleration feedback, decreases by speed feedback and its bandwidth by speed feedback. The feedforward control strategy can overcome the shaking system poles near the imaginary axis, increase the system bandwidth and improve the system control precision . In recent years, three variable control strategy have been emerged the modified algorithms using adaptive inverse model, the existence of pure delay element considered in servo-valve as acceleration feedback and discrete acceleration feedback (Shen et al. 2011; Plummer. 2006) . Iterative control technology is also used to improve the quality of waveform reproduction in shaking table (Tang et al. 2014; Chen et al. 2011 ). Firstly, the impedance acts as smaller signals and is then used to generate the system drive signal of shaking table. The tracking error signal and system impedance are used to update the drive signal. Iterative control totally depends on the accuracy of system impedance identification. Nowadays, there are many systems used as an identification algorithms such as H1 method, H2 method, adaptive method, etc (Chase et al. 2005; . The system identification is gradually processed online due to the development of computer technology, which is further updated to real-time and accuracy of waveform reproduction (Stoten and Gomez. 2001 (Jiang et al. 2012 ). The control strategies mentioned above are mainly for the electrohydraulic shaking table with rigid structure. The three variable feedback and feed-forward control method is not be able to expand the system bandwidth, when the vibration table has structural flexibility and that is common in vibration engineering. A transfer function in a small anti-resonant damping ratio system cannot be accurately identified by the frequency domain iterative technique in a deeply anti-resonant peak. In this paper, the improved feedforward control strategy is proposed to control the effect of structural flexibility. The first part is the influence of the flexibility of the model structure on the system, and the twodegree-of-freedom equivalent vibration system is analyzed. In second part and the third part carried out the feed-forward control strategy and the experimental verification. The fourth part of this paper contains the conclusions and discussions about this article.
II. MATHEMATICAL MODEL AND STRUCTRAL FLEXIBILITY ANALYSIS
To design the model of shaking system, the influence of foundation flexibility is inquired and the reaction wall stiffness is considered as similar to the hydraulic spring. The reaction wall is built as the first-order mass spring damping system and a simplified model of one DOF shaking system under the flexible foundation is shown in Fig. 1 . The flow equation of the servo valve is,
where k q is the servo valve flow gain, k c is the servo valve pressure flow coefficient, x v is the spool displacement, p L is the load pressure. The flow continuity equation of hydraulic cylinder is,
where l c is the sensor displacement, A is the hydraulic cylinder effective area, V t is the total volume of the hydraulic cylinder, β e is the hydraulic oil volume elastic modulus, c tc is the total leakage coefficient of the hydraulic cylinder, q L is the load flow. The dynamical equation considering the basis of cylinder reaction is expressed as,
where k b is the reaction wall equivalent stiffness, B b is the reaction wall equivalent viscous damping coefficient, m b is the equivalent mass of reaction wall and hydraulic cylinder block, l b is the hydraulic cylinder body displacement. The absolute displacement of the load has the following relationship with the cylinder displacement,
Ignoring the dynamic characteristics of the servo valve, the spool displacement is proportional to the input signal,
where u is command voltage, k sv is the magnification factor of command voltage to the spool displacement. The transfer function from the command voltage u to the absolute displacement of the load can be achieved by combine the equations (1) to (5),
where
The transfer function from the piston rod displacement to load absolute displacement is deduced as,
The equation (7) can be rewritten as:
where ω b , ζ b are the natural frequency and damping ratio of the reaction wall and ω x is the coupling frequency between the reaction wall and the load.
In order to qualitatively analyze the effect of flexible foundation on dynamic hydraulic mechanism, the general Equation (7) is rewritten as: (6) and (11) . To reveal the relationship of the natural frequencies of two oscillations, the hydraulic mechanism and the reaction base, the damping ratio is considered as negligible. The established 2-DOF equivalent vibration model is shown in Fig. 2 . And, the natural frequencies of the oscillatory links are the same as that of the 2-DOF equivalent vibration model. The k h is the hydraulic cylinder equivalent spring stiffness as shown in Fig. 2 and its value is:
According to the Fig. 2 , the dynamical equation of the undamped 2-DOF vibration model are constructed as follows,
The matrix form of equation (13) and (14) can be expressed as follows,
The natural frequencies of the vibration system can be calculated as:
The relationship can be expressed as,
The equation (17) can be accessed by the Appendix. The comparison of equation (9) with the coefficient of square power of s is in equation (7) and a little damping of the reaction wall, the following relation can be obtained:
The low frequency band characteristics of open-loop vibration system become worse due to a little damping in hydraulic system. The parameters given in Table 1 The results shown in Fig. 3 indicate that the open-loop system of vibration table has an anti-harmonic peak response near the natural frequency ω b of the flexible foundation due to the structural flexibility effect of the hydraulic shaking table. In summary, due to the flexibility influence of the reaction wall, the vibration system has a synthetic frequency ω 10 , which is lower than the natural frequency ω h and the ω b . And the damping ratio is very small around the frequency ω 10 . Therefore, the main factors which limit the bandwidth and accuracy of shaking control system are ω 10 and ζ 10 . So, it is important to analyze the influence of the mass, stiffness and damping of flexible foundation on the open-loop frequency characteristics.
Firstly, the different flexible base mass m b is chosen for analysis and the value is 200kg, 400kg and 800kg respectively. The other parameters of the shaking system are selected from Table 1 As shown in Fig. 4 , as the mass of the flexible base increases, the natural frequency ω 10 becomes smaller and the resonant peak at ω 10 becomes larger. The flexible base natural frequency has the same change tendency and the lowest
point of the anti-resonant peak increases with the base mass increases. The distance between ω 10 and ω b decreases as the mass increases. The phase-frequency characteristic curve moves toward left with the inflexible base mass increase and the phase corresponding to anti-resonance peak becomes smaller. Therefore, the combined natural frequency ω 10 can be increased by reducing the flexibility base mass and the anti-resonant peak at ω b become lower when the flexibility base mass decreases.
Moreover, the influence of the flexible foundation stiffness on shaking table system is analyzed. The stiffness of the flexible foundation is chosen as 1 × 107 N/m, 2 × 107 N/m and 4 × 107 N/m respectively. The other parameters of the shaking system are selected by the Table 1 and bode diagram of the shaking system is shown in Fig. 5 . As increase in base stiffness, the amplitude-frequency characteristic curve moves towards right as shown in Fig. 5 . The compound natural frequency ω 10 and the anti-resonant peak frequency ω b become larger and there is a little change in anti-resonant peak and at ω 10 resonant peak becomes smaller. The phase-frequency characteristic curve also moves towards right from ω 10 and ω b as the stiffness increases. The trough value does not have many changes in phase curve. The change of the flexible foundation stiffness has no obvious effect on the amplitude-frequency and phase-frequency characteristic near the compound natural frequency ω 20 . Therefore, the compound natural frequency ω 10 and the compound damping ratio ζ 10 can be effectively increased by improving the stiffness of the flexible foundation.
Finally, the influence of flexible foundation damping on the shaking system is analyzed. The flexible damping B b is 0.5 × 104 N/(m/s), 1 × 104 N/(m/s) and 2 × 104 N/(m/s) respectively, the other parameters of the shaking system are chosen by Table 1 and bode diagrams of shaking system are shown in Fig. 6 . The increase in flexible foundation damping cannot lead to changes in natural frequency ω 10 and ω b but the resonant peak and the anti-resonant peak are changed to decrease corresponding to ω 10 and ω b as a same change in phase-frequency characteristic curve as shown in Fig. 6 . Therefore, the compound damping ratio ζ 10 of the vibration system can be effectively increased by improving the foundation damping flexibility.
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III. VIBRATION SYSTEM FEED-FORWARD CONTROL STRATEGY
The purpose of feed-forward control is to offset zero points to restrain the anti-resonant peak generated by the flexible foundation and offset the poles nearly to virtual axis to further expand the bandwidth of system. The feed-forward control diagram of the vibration system is shown in Fig. 7 . If G ff (s) = 1, the closed loop transfer function of the shaking system shown in Fig. 7 
The equation (19) can be rewritten as follows:
The feed-forward compensation control of shaking system is expressed as:
When ω b_est = ω b , ζ b_est = ζ b, ω nc_est = ω nc 2 and ζ nc_est = ζ nc 2, the feed-forward compensation transfer function in equation (20) can be used to offset the zero points and the poles closest to virtual axis. The closed-loop system bode diagram with and without the feed-forward compensation shown in Fig. 8 .
The resonant and the anti-resonant peaks of shaking system disappear after the feed-forward compensation as shown in Fig. 8 in which the bandwidth of the system expanded and the phase-lag improved effectively in whole bandwidth. This control strategy depends upon the shaking system exact estimation but the feed-forward control is the open-loop compensation in unavailability of stability problem. However, it is necessary to analyze the influences of the forward feed controller performance due to the existence of parametric variation.
There are four parameters used in feed-forward controller such as ω nc_est , ζ nc_est , ω b_est and ζ b_est mentioned in equation (21) . The three assigned values of ω nc_est are 0.9ω nc 2, ω nc 2 and 1.1ω nc 2 respectively. The other parameters are When ω nc_est is less than ω nc 2, the amplitude-frequency curve immediately appears an anti-resonant peak followed by a resonant peak near the ω nc 2 as shown in Fig. 9 . Meanwhile the amplitude-frequency curve behind ω nc 2 moves up and right side and feedback signal amplitude is larger than the command signal as its phase appears at a peak near to the ω nc 2. On the other hand, when the value of ω nc_est is larger than the value of ω nc 2, the amplitude-frequency curve appears a resonant peak immediately followed by an anti-resonant peak nearly ω nc 2. The amplitude-frequency curve behind ω nc 2 moves down and the feedback signal amplitude is less than the ideal signal as its phase appears a trough near the ω nc 2.
Similarly the values of ζ nc_est are chosen to be 0.9ζ nc 2, ζ nc 2 and 1.1ζ nc 2 for analysis. The other parameters are selected according to the ideal model. So, the position closed-loop characteristics of shaking table under flexible foundation are shown in Fig. 10 . The amplitude-frequency and phase-frequency characteristics of the system exhibit a little change, when ζ nc_est is larger than ζ nc 2 and a small resonant peak appears at the ω nc 2 as shown in Fig. 10 . The comparison between ζ nc_est and ζ nc 2 there is a slightly phase change before the ω nc 2 and it is lagged slightly after the ω nc 2. However, when ζ nc_est is less than ζ nc 2, a small anti-resonant peak appears at the ω nc 2 and the phase contrasts trend of ζ nc_est is larger than ζ nc 2.
Afterward, the values for ω b_est , 0.95ω b and 1.05ω b are chosen and the other parameters are selected according to the ideal model. So, the position closed-loop characteristics of hydraulic shaking table under flexible foundation are shown in Fig. 11 .
When the ω b_est is larger than ω b , the amplitude-frequency curve appears an anti-resonant peak followed by a resonant peak in the vicinity of ω b as shown in Fig. 11 . At the same time, the amplitude-frequency curve behind ω b generally moves up and the feedback signal amplitude is larger than the ideal signal as its phase appears a peak in the vicinity of ω nc 2 which opposes with situation that the ω b_est is less than ω b . In last, the values of ζ b_est are chosen to be 0.8ζ b , and 1.2ζ b for analysis. The other parameters are selected according to the ideal model. At this time, the characteristics position closed-loop of hydraulic shaking table under flexible foundation is shown in Fig. 12 .
The amplitude-frequency and phase-frequency characteristics of the system show little change so that the curves are zoomed locally as shown in Fig. 12 . It shows that a small resonant peak appears near the ω b when the ζ b_est is less than ζ b . The comparison between the ζ b_est is equal to ζ b there is a slight phase change ahead before the ω b and it is slightly lagged after the ω b . However, when the ζ b_est is larger than ζ b , a small anti-resonant peak appears at the ω b and the phase contrasts appear as ζ b_est is less than ζ b in this situation.
In the above analysis, it is examined that the influences of the ω nc_est and ζ nc_est are opposite to the ω b_est and ζ b_est in shaking system dynamic characteristics due to the elimination of system poles by ω nc_est and ζ nc_est as ω b_est and ζ b_est are used to eliminate the closed-loop system zero points.
The other poles of the hydraulic vibration table can be offset in order to introduce another two order oscillation link into the feed-forward controller and the system bandwidth can be further expanded. The acceleration feedback can always increase the hydraulic power mechanism damping ratio which is limited by the servo valve dynamics. The openloop vibration system amplitude-frequency characteristics considering servo valve characteristics with different acceleration feedback gain are shown in Fig. 13 . Fig. 13 shows that the hydraulic system damping ratio increases and the servo valve damping ratio reduces by acceleration feedback. The acceleration feedback causes the higher resonant peak nearly the servo valve nature frequency in vibration system. The closed-loop vibration system frequency characteristics are shown in Fig. 14. A notch filter is introduced into the controller for the control purpose of servo valve nature frequency at resonant peak.
IV. EXPERIMENTAL RESULTS OF STRUCTURAL FLEXIBILITY SUPPRESSION
The flexibility of hydraulic vibration table X and Y directions reaction wall are larger, the degree of X-direction is tested and validated the feed-forward control strategy is proposed in this paper. The hydraulic vibration table used in experiment is shown in Fig. 15 .
The hydraulic vibration table consists of servo valve, hydraulic cylinder, upper platform, foundation, reaction wall, Table. displacement sensor, acceleration sensor and pressure sensor as shown in Fig. 15 . The controller adopts the xPC rapid prototype control method.
The X-direction dynamic characteristics under proportional control and three variables control strategy are shown in Fig. 16 . It is declared that three variable feedback can increase the system damping ratio. However, the deep resonant peak occurs at about 32Hz and the X direction band width is only about 28Hz because of the foundation flexibility existence. The system vibration table band width is brought to be limited.
The X-direction closed-loop bode diagrams under the traditional feed-forward control and the improved feed-forward control shown in Fig. 17 . Due to the smaller foundation damping ratio, the trough is very deep at 32Hz, which means VOLUME 7, 2019 FIGURE 18. The notch filter in x direction without load. that the traditional feed-forward cannot expand the system bandwidth. The anti-resonant peak near the foundation natural frequency is compensated and the system band width is also better improved by the improved feed-forward control. However, due to the acceleration feedback effect, the closedloop amplitude frequency characteristic appears a resonant peak at the servo valve natural frequency. Therefore, the notch filter needs to be designed for the resonant peak elimination.
The notch filter is designed as follows:
The notch filter amplitude-frequency characteristic curve is shown in Fig. 18 . Moreover, using the notch filter in series connection with the improved feed-forward controller, the X-direction amplitude-frequency and phase-frequency characteristics can be obtained in Fig. 19 . Through combination of improved feed-forward controller and the notch filter, the bandwidth of the X-direction improves from about 28Hz to 101Hz as shown in Fig. 19 . The phase lags is also properly improved. The system amplitude error is limited to ±3dB. The control strategy performance can be further verified by comparing the time domain waveform replication in this paper. The waveform tracking curve under random acceleration signals is about 2∼80Hz shown in Fig. 20 .
As shown in Fig. 20 , the random signals amplitude value is also reduced and the tracking accuracy is significantly improved by adopting improved feed-forward control strategy.
V. CONCLUSIONS
The hydraulic vibration table under the flexible foundation coupling is analyzed by constructing a mathematical model in this paper. The vibration system is equivalent to two-degreesof-freedom resonant system under flexible basis, if the reaction wall damping influence is avoided. It is perceive that the inherent frequencies are the same in two oscillation links. The frequency characteristic of the hydraulic vibration table generates an anti-resonant peak during the working bandwidth, which badly limits the band width and control precision. The lower compound resonance frequency ω 10 is increased by improving the stiffness of flexible foundation and reducing the flexible foundation mass. Meanwhile, it is shown that the flexible foundation increased damping ratio leads to the compound damping ratio ζ 10 increase. Furthermore, the openloop gain can be enhanced and the system band width and controlled accuracy can be improved.
The improved feed-forward control strategy is used to offset the system zeroes and two pairs of poles to expand the system bandwidth. A notch filter is also introduced in this paper to overcome the acceleration feedback increases the resonant peak at natural frequency of servo valve and expand the system bandwidth. The final conclusion is that the system band width is extended about to 100Hz, which is verified by experiments. The future work contains the feed-forward controller robust characteristic.
APPENDIX
We will complete the proof of equation (17) by application of reduction to absurdity.
Firstly, it is assumed that the reason for the following relationship is,
Taking square on both sides of equation (23) and using the reference of equation (10) and (16) as shown at the bottom of the page 4, we can get at
After simplifying equation (24), we can get the following relationship, (25) In this case,
Equation (25) 
The above mention equation is cannot be established, so we can deduce that
Secondly, we can assume that the reason for following relationship is,
Taking Square on both sides in equation (31) and refer it to equation (10) and (16) From Equations (25) to (29) , it can be seen that the following inequality is rational, 
According to the equations (30) and (37), we can get that
The similar process can be adopted to complete the proof of the rest part in equation (17) .
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